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Abstract

This paper introduces a new approach for parameter estimation and model update based on the notion
of fidelity maps. Fidelity maps refer to the regions of the parameter space within which the discrepancy
between computational and experimental data is below a user-defined threshold. It is shown that
fidelity maps provide an efficient and rigorous approach to approximate likelihoods in the context of
Bayesian update or maximum likelihood estimation. Fidelity maps are constructed explicitly in terms
of the parameters and aleatory uncertainties using a Support Vector Machine (SVM) classifier. The
approach has the advantage of handling numerous correlated responses, possibly discontinuous, without
any assumption on the correlation structure. The construction of accurate fidelity map boundaries at a
moderate computational cost is made possible through a dedicated adaptive sampling scheme. A simply
supported plate with uncertainties in the boundary conditions is used to demonstrate the methodology.
In this example, the construction of the fidelity map is based on several natural frequencies and mode
shapes to be matched simultaneously. Various statistical estimators are derived from the map.

Keywords: Parameter estimation, Model Update, Likelihood, Bayesian Update, Support Vector
Machines

1. Introduction

Computational models are used, for instance,
to predict the static or dynamic behavior of struc-
tures. However, there might be marked discrep-
ancies between the prediction of the model and
experimental data. In order to reduce this dif-
ference, the model needs to be calibrated (or up-
dated) by searching parameter values (e.g., mate-
rial properties) that best “match” the data. For
example, in modal analysis, the characteristics of
the model (e.g., stiffness and mass distribution)
will be modified so as to match experimental nat-
ural frequencies and mode shapes [1].

In engineering applications, the most widely
used technique is the least square approach. How-
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ever, uncertainties might have a pronounced effect
on the responses of the system and this approach,
often implemented in a deterministic way, is in
general not suitable [2, 3]. For this reason, sta-
tistical approaches have been favored to extract
distributions of update parameters and responses.
The two most common statistical approaches are
the maximum likelihood estimate and Bayesian
update. While the maximum likelihood approach
[4, 5] finds the most “probable” values of the pa-
rameters to be estimated, the Bayesian method
[6, 7] focuses on refining the parameter distribu-
tions inferred from previous knowledge.

At the core of both approaches, lies the com-
putation of the likelihood. In most engineering
applications, the likelihood is difficult to compute
and is approximated using assumptions on the
correlation structure of the responses (e.g., inde-
pendence). This difficulty is further exacerbated
by computationally intense simulations, large num-
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ber of responses [8, 9], and discontinuous responses.

The proposed update approach is designed to
provide a flexible scheme which tackles the afore-
mentioned difficulties. This is done through the
identification of the regions of the parameter space
where the discrepancy between model and experi-
mental outputs is below a given threshold. These
regions form a “fidelity map” and can be shown
to provide a rigorous and efficient approximation
of the likelihood without restrictive assumptions
.

The boundaries of the fidelity maps are con-
structed using a Support Vector Machine (SVM)
which is a classification technique. It is used to
explicitly separate data belonging to two classes
[10, 11, 12, 13]. In the context of the fidelity maps,
this binary classification is performed based on
the discrepancy between computational and ex-
perimental data which is either smaller or larger
than a given user-defined threshold. In order to
obtain an accurate fidelity map using a reasonable
number of simulation calls, the SVM boundary is
refined using an adaptive sampling scheme [14].
That is, most of the computational cost is con-
centrated in the construction of the fidelity maps.
The likelihood can then be efficiently obtained as
a sub-product of the fidelity map.

Many frameworks for model update have been
developed. Of particular importance and impact
is the work by Kennedy and O’Hagan [15] which
has become a reference in the domain. For in-
stance, the use of a Gaussian process was initially
introduced in this work. This approach was subse-
quently used in other strategies [16]. There is also
a large body of literature dedicated to Bayesian
approaches [17, 18]. The proposed work sets it-
self apart from existing approaches by enabling
model updating for problems with numerous re-
sponses (potentially discontinuous) without any
a-priori on the correlation structure which is im-
plicitly accounted for during the construction of
the fidelity map. This flexibility stems from the
use of a classification technique such as SVM for
the construction of the fidelity map boundaries.

This article is constructed as follows. Section 2
provides the notation and the main concepts of
the proposed approach. Section 3 presents the
statistical estimators used in this article. Section
4 describes the fidelity map and its use to approx-
imate the likelihood. Section 4.1 provides a back-
ground on SVM classifiers. Section 4.2 describes
the adaptive sampling scheme used to accurately
build the fidelity maps. Finally, Section 5 pro-
vides results on a demonstrative example consist-
ing of a plate with uncertainty on the boundary
conditions. In the example, several frequencies
and mode shapes are to be matched simultane-
ously. For the sake of completeness, the results
are compared to approaches where the responses
are assumed independent or if a residual, which
encompasses all the responses within one quan-
tity, is used.

2. Illustrative example and notations

Consider the responses y of a model and the
corresponding experimental measurements yexp.
The responses of the system are governed by two
types of parameters: the first set are the parame-
ters to estimate x (e.g., material properties) while
the second one, A, are the “aleatory” parameters
which are not to be estimated but introduce un-
certainty (e.g., external load). The probability
density function (PDF) of a random variable X is
noted fX and its cumulative distribution function
(CDF) is noted FX .

As an illustrative example, consider a model
in the form of a cantilever column (e.g., repre-
sentative of a building) subjected to wind load-
ing (Figure 1(a)). In this academic example, we
wish to estimate the bending stiffness of the col-
umn K ≡ x based on a set of experimental data
yexp (e.g., deflection δ) knowing that the column
is subjected to a random load F ≡ A with known
probabilistic distribution.

Figure 1(b) depicts the construction of the fi-
delity map corresponding to p experiments and n
responses (e.g., displacements, accelerations etc.)
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Figure 1: Illustrative example. Calibration of the stiffness
K of a column subjected to a random (aleatory) load F
based on experimental responses.
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Figure 2: The fidelity map is then used to build an ap-
proximation of the likelihood (up to a constant).

per experiment. The fidelity map defines the re-
gion of the space where the relative discrepancy
between model and experiments ∆fi is lower than
1% for every response. It is accurately constructed
with a Support Vector Machine classifier and an
adaptive sampling scheme described in Section
4. The fidelity map is then used to approximate
the likelihood (Figure 2) which allows one to up-
date of the model through maximum likelihood
or Bayesian update. For the reader who is not fa-
miliar with these statistical estimators, they are
described in the following section which also un-
derlines the advantages of using a fidelity map for
their computation.

3. Background

3.1. Maximum Likelihood Estimate

Maximum likelihood estimates (MLE) were orig-
inally designed for the statistical inference of hyper-

parameters of distributions:

θMLE = argmax
θ

nv∏
i=1

fX(xi|θ) (1)

where x = [x1, . . . , xnv ] are nv i.i.d observations
of a random variable X following a PDF fX(x|θ)
of hyper-parameters θ. This notion can be ex-
tended to engineering applications by considering
that some output responses Y follow a joint PDF
where uncertainties are due to A and parametrized
by x (i.e., fY(x,A)(y|x)). Therefore, the maxi-
mum likelihood estimate for parameter identifi-
cation reads:

xMLE = argmax
x

p∏
i=1

fY(x,A)(y
exp,(i)|x) (2)

where yexp,(i) are the ith experimental set of n re-
sponses. In the case of a single set of measure-
ments (p = 1), as used in this work, Eq. 2 be-
comes:

xMLE = argmax
x

fY(x,A)(y
exp|x) (3)

3.2. Bayesian Estimate
While MLE follows a frequentist approach, and

considers x as deterministic, Bayesian updating
considers X as random variables. Bayesian esti-
mators are derived from the Bayes formula:

fA|BfB = fB|AfA

Specializing it to engineering applications:

fX(x|yexp) =
fY(x,A)(y

exp|x)fX(x)

fY(X,A)(yexp)
(4)

where:

i fX(x|yexp) is the posterior distribution;
ii fY(x,A)(y

exp|x) is the likelihood;
iii fX is the prior distribution;
iv fY(X,A)(y

exp) is a normalizing constant which
represents the overall probability density to
observe yexp.

One Bayes estimator is defined as the expec-
tation of the posterior distribution:

xBayes
i = E [Xi|yexp] =

∫
xifX(x|yexp)dx (5)

Such integral estimators are traditionally ob-
tained through the use of Markov Chain Monte
Carlo (MCMC) techniques [19, 20, 21].
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3.3. Typical difficulties

If one knows the joint PDF of the responses
with respect to x, fY(x,A)(y|x), the previous es-
timators can be computed analytically. However
in most engineering applications, such analytical
expressions are not available as the functional re-
lationship between (x, a) and y is only known
through a black box model. In addition, these
models are usually computationally expensive, lim-
iting the number of model evaluations. Finally,
the number of responses yi can be very large (e.g.,
modal properties), making impractical the use of
conventional surrogates to approximate each re-
sponses separately and fY(x,A)(y|x(k)) for any given
x(k) (c.f., Appendix A). The proposed fidelity
map approach provides a new level of flexibility
by implicitly accounting for the correlations be-
tween multiple responses.

4. Fidelity maps and construction of the
likelihood

A fidelity map is defined as the region of the
parameter space corresponding to responses within
a user-defined interval of the experimental data:

FM = {(x, a) | ri ≤ εi, i = 1, . . . , n} (6)

where

ri =

∣∣∣∣yi(x, a)− yexpi

yexpi

∣∣∣∣
It is shown (Section 4.3) that the likelihood

of any given x(k) can be efficiently approximated
(up to a constant) as the probability of x(k) to lie
within the fidelity map, P

[
(x(k),A) ∈ FM

]
.

4.1. SVM-based fidelity map

The fidelity maps are constructed using a Sup-
port Vector Machine (SVM) classifier. An SVM
defines the boundaries between samples of two dif-
ferent classes (e.g., feasible and infeasible) [10, 11,
13, 12]. In the context of fidelity maps, SVM has
the following advantages:

i Only one SVM decision function is needed ir-
respective of the number of responses y.

ii Because it is a classifier, SVM implicitly ac-
counts for the entire correlation structure of
the responses, thus requiring no knowledge or
assumptions for the construction of the likeli-
hood.

iii It is insensitive to discontinuities and can han-
dle binary responses [22];

iv The boundaries can be highly non-linear and
represent disjoint non convex domains;

v The prediction of a class is very efficient, thus
allowing the use of Monte-Carlo type sampling
(Section 4.3).

Given N training sample, an SVM classifier is
expressed as:

s(x) = b+
N∑
k=1

λ(k)l(k)K(x(k),x) (7)

where x(k) is the kth training sample, λ(k) is the
corresponding Lagrange multiplier, l(k) is the la-
bel (class) that can take values +1 or -1, K is a
kernel function (e.g., Gaussian in this work) and
b is the bias. The boundary is defined as s(x) = 0.

In order to build the fidelity map, an SVM
is initially trained using a design of experiments
(DOE). The class of each sample is defined based
on the discrepancy between the model outputs
and the experimental measurements. To be feasi-
ble (i.e., to belong to the fidelity map), a training
sample must correspond to absolute relative dif-
ferences ri between the model outputs yi and the
measurements yexpi less than a given threshold εi.
Therefore, the labels used to train the SVM are
defined as:

l(k) =

{
+1 if r

(k)
i ≤ εi, i = 1, . . . , n

−1 otherwise

where:

r
(k)
i =

∣∣∣∣∣y(k)i − yexpi

yexpi

∣∣∣∣∣
4.2. Map refinement and adaptive sampling

In order for the likelihood to be accurate, a
small enough ε is needed as well as an accurate
boundary. This section describes the adaptive
sampling scheme as well as the case where the
initial user-defined ε is too small.
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4.2.1. Adaptive sampling

In order to build an accurate SVM at afford-
able cost, [23] introduced an adaptive sampling
scheme that is used in this work. Assuming the
existence of at least one point within the fidelity
map (Section 4.2.2), the SVM can be refined us-
ing the following two types of samples ([23, 14] for
details):

A primary sample, also referred as “max-min”
sample. This sample is defined as the point
in the space that maximizes the minimum
distance to existing samples (i.e., sparse re-
gions) under the constraint that it lies on
the SVM boundary (i.e., s(x)=0).

A secondary sample is aimed at removing the
locking of the SVM by positioning a sam-
ple in a region where data from one class is
sparse in the vicinity of the boundary.

The sampling scheme used in this work adds
two primary samples and one secondary sample
[14] per iteration. The sampling scheme is sum-
marized in Algorithm 1.

4.2.2. Notion of most “feasible” sample

It might happen that following the initial DOE,
there is not a single sample that satisfies the ini-
tial fidelity requirement imposed by the various
εi. Therefore no feasible sample is available to
construct an SVM. In order to solve this issue,
the sample x(kc) with the minimum discrepancy
over all the responses is searched and is defined
as the most “feasible”. The index kc is:

kc = arg min
k

r(k)max

where:

r(k)max = max
i

(
r
(k)
i − εi
εi

)

4.3. Likelihood approximation

This section shows how to relate the fidelity
map to the likelihood. Without loss of generality
and for the sake of simplicity, consider x and yexp

Algorithm 1 Fidelity map. Adaptive Sampling.

Require: Fidelity level by setting ε;
1: Sample the space ({X,A}) according to a

DOE of size np: w(k) = [x(k), a(k)];
2: Evaluate all samples: y(k) = y(w(k));
3: Define the relative difference for each mea-

sured response: r
(k)
i =

∣∣∣∣yexpi −y(k)i

yexpi

∣∣∣∣;
4: For each sample, compute their “feasibility”:

r
(k)
max = max

i

(
r
(k)
i −εi
εi

)
;

5: Begin adaptive sampling:
6: for j = np + 1→ np + nadapt do;
7: Set labels to -1: l(k) = −1, k = 1, . . . , j−1;

8: Define K =
{
k|r(k)max ≤ 0

}
;

9: if K = ∅ then;
10: Find kc = arg min

l
r
(l)
max;

11: Define K = {kc};
12: end if
13: Set l(k) = +1 ∀k ∈ K;
14: Build the SVM as explained in Section 4.1;
15: Add an adaptive sample w(j) as explain in

Section 4.2.1;
16: Compute : y(j), r(j), r

(j)
max;

17: end for

as two scalars. The relation between a PDF and
a CDF is:

fY (x,A)(y
exp|x) =

dFY (x,A)

dy
(yexp|x)

Therefore:

fY (x,A)(y
exp|x) = lim

ε→0

P[yexp − ε ≤ Y (x,A) ≤ yexp + ε|x]

2ε
(8)

The probability P[yexp − ε ≤ Y ≤ yexp + ε|x]
is the probability that the response lies within
the user-defined interval around the experimen-
tal value knowing x, which is the definition of the
fidelity map. From this, we obtain the following
important result for one set of experiments (i.e.,
p = 1):

fY (x,A)(y
exp|x) ∝∼ P [(x,A) ∈ FM ] (9)
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which can be extended to p sets of experiments:

fY (x,A)(y
exp|x) ∝∼

p∏
l=1

P
[
(x,A) ∈ FM (l)

]
(10)

where ∝∼ stands for “approximately proportional
to” and FM (l) is the fidelity map associated with
the lth set of experiments yexp,(l).

Note that a proportional quantity leads to equiv-
alent results both for maximization purposes and
Markov Chain algorithms. This probability can
be efficiently estimated using Monte Carlo Sam-
pling over the aleatory variables. As ε tends to
zero, this probability tends to the likelihood value.

4.4. Estimators based on the fidelity map

In order to quantify the changes in confidence
in the estimates between the prior and the poste-
rior distributions when Bayesian updating is used,
a fidelity index is introduced:

FI =
P[(X,A) ∈ FM |yexp]

P[(X,A) ∈ FM ]
(11)

where P[(X,A) ∈ FM |yexp] (resp. P[(X,A) ∈
FM ]) is computed using the posterior distribu-
tion fX(x|yexp) (resp. the prior distribution fX(x)).

5. Results

The proposed methodology is applied to the
update of a FE dynamic model based on modal
properties. Model parameter estimation based on
modal properties such as natural frequencies and
mode shapes, is a typical example where the num-
ber of outputs y is rather large [24, 2, 1, 3].

Results are obtained for a plate with uncer-
tainty in the boundary conditions. We wish to
identify the Young’s modulus given a set of natu-
ral frequencies and mode shapes. For comparison
purposes, the results are performed along with an
approach based on a residual which encompasses
all the responses in one quantity. In addition, the
product of the individual likelihoods correspond-
ing to the various responses (See Appendix Ap-
pendix B) is used in order to show the influence
of the correlation between the model outputs.

5.1. Finite element Model updating based on modal
data

Traditional quantities used in model update
using modal properties are:

i Differences in natural frequencies values (e.g.,
Euclidean norm of difference). This quantity
is traditionally minimized in the form of a
residual through optimization.

ii Differences between the mode shapes. This is
typically measured using the Modal Assurance
Criterion (MAC) matrix [24, 1].

iii Differences between the Frequency Response
Function (FRFs) measured using the FRAC
(Frequency Response Assurance Criterion).

iv Mode orthogonality.

The MAC criterion (Eq. 12) is by far the most
widely used:

Mij =
(Φ∗Ti AΦexp,j)

2

(Φ∗Ti AΦi)(Φ∗Texp,jAΦexp,j)
(12)

where Φi is the ith computational mode shape
and “exp” stands for experimental. Φ∗Ti is the
conjugate transpose of the mode shape. A is of-
ten the identity matrix or the mass matrix. The
MAC value is equal to unity for a perfect match
of modes. It should be as close to zero as possible
for cross terms.

5.2. Test case description

Consider a simply supported rectangular plate
modeled using finite elements. In order to model
uncertainty in the displacement boundary condi-
tions, one dimensional springs of stiffness K in
the out-of-plane direction are used on three sides
of the plate (Figure 3). The finite element model
of the plate is constructed with 80 shell elements.
We wish to identify the Young’s modulus E of the
plate based on Nm = 4 first modes for a total of
n = 14 responses (4 natural frequencies and 10
MAC matrix terms). The parameters are sum-
marized in Table 1.

In the absence of an actual experimental setup,
“virtual experiments” are used by running the FE
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Table 1: Parameters used for the plate example (S.I. units).

Deterministic To estimate Aleatory

Parameter a b ν ρ t E K

Value, Distribution 1 1.5 0.33 7800 0.01 N/A U(2× 105, 106)

a
b

E, ν, ρ, t

K

(a) Schematic representa-
tion.

(b) FEM representation.

Figure 3: Schematic and Finite Element representation of
a simple plate. One side is simply supported while the
others are connected to the ground through springs, to
model uncertainties on the boundary conditions.

model with E = Eact and K = Kact. The method-
ology is repeated for 6 combinations of Eact and
Kact (see Table 2). All the configurations are run
with ε = 1% for all the responses.

5.3. Fidelity map and likelihoods

The fidelity map is constructed in the (E,K)
space with 15 Central Voronoi Tessellation (CVT)
samples. CVT is chosen as a design of experi-
ments as it fills the space uniformly. The bound-
ary is then refined with 50 additional adaptive
samples. For each value of E, the probability of
being within the fidelity map (i.e., the approxi-
mated likelihood noted LHmcs) is calculated with
105 Monte Carlo samples according to the distri-
bution of K.

The proposed approach is compared to the re-
sults using the likelihood of the residual (LHres)
and the product of the individual likelihoods for
the different responses LHprod (c.f., Appendix B).
These likelihoods are constructed using Kernel
Smoothing [25] and Kriging models [26, 27, 28, 29]
trained with 65 CVT samples for each of the n =
14 responses. LHres uses a residual defined as

follows:

R =
Nm∑
i=1

[
(λi − λexpi )2

λexpi

+ (Mii − 1)2 +
Nm∑

j=1,j 6=i

Mij

]

The graphical results for the 6 configurations
are depicted in Figure 4 and 5. Graphical inspec-
tion of the likelihoods show that LHmcs exhibits a
higher robustness than the two other methods for
that example. The failure of the LHprod is natural
since the different natural frequencies are strongly
correlated, therefore, the assumption of indepen-
dence leads to incorrect results. On the other
hand, the inaccuracy of LHres is not straightfor-
ward. A loose explanation stems from the gath-
ering of several responses that are correlated with
different spreads within one quantity (similar to
conclusion drawn in [3]).

5.4. Maximum likelihood estimate

In the case where MLE is chosen for estima-
tion, the results for the six cases are summarized
in Table 2. As can be seen, the methodology is
robust for this example.

5.5. Bayesian update

In the case of Bayesian update, a wide prior,
reflecting a significant lack of knowledge was cho-
sen. The prior is set with a mean value of 210
GPa and a standard deviation of 21 GPa. Fig-
ure 6(a) depicts the likelihood function, the prior
distribution, and the actual value, for the first
case (Eact = 185×109 Pa andKact = 3×105 N.m−1).
Figure 6(b) shows the corresponding posterior dis-
tribution (Section 3.2). The Bayes estimators for
the 6 cases are provided in Table 2.

As an example of improvement brought by the
Bayesian update in comparison to MLE, the fi-
delity index was computed for one case (Eact =
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Figure 4: Graphical results of the plate example, showing the fidelity maps and the estimated likelihoods, for Eact =
185× 109 Pa and Kact = 3× 105 N.m−1 (a and b), Kact = 6× 105 N.m−1 (c and d), Kact = 9× 105 N.m−1 (e and f).

8



1.4 1.6 1.8 2 2.2 2.4 2.6 2.8

x 10
11

2

3

4

5

6

7

8

9

10
x 10

5

E (Pa)

K
(N

/m
)

 

 

SVM
Positive samples
Negative Samples

(a) Fidelity Map

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

x 10
11

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E (Pa)

L
H

 

 

LHmcs
LHres
LHprod

Eact

(b) Likelihood

1.4 1.6 1.8 2 2.2 2.4 2.6 2.8

x 10
11

2

3

4

5

6

7

8

9

10
x 10

5

E (Pa)

K
(N

/m
)

 

 

SVM
Positive samples
Negative Samples

(c) Fidelity Map

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

x 10
11

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E (Pa)

L
H

 

 

LHmcs
LHres
LHprod

Eact

(d) Likelihood

1.4 1.6 1.8 2 2.2 2.4 2.6 2.8

x 10
11

2

3

4

5

6

7

8

9

10
x 10

5

E (Pa)

K
(N

/m
)

 

 

SVM
Positive samples
Negative Samples

(e) Fidelity Map

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

x 10
11

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E (Pa)

L
H

 

 

LHmcs
LHres
LHprod

Eact

(f) Likelihood

Figure 5: Plate example. Fidelity maps and likelihoods for Eact = 235× 109 Pa and Kact = 3× 105 N.m−1 (a and b),
Kact = 6× 105 N.m−1 (c and d), Kact = 9× 105 N.m−1 (e and f).
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Table 2: Summary of the 6 experimental combinations and corresponding figures (S.I. units).

Eact 185× 109 235× 109

Kact 3× 105 6× 105 9× 105 3× 105 6× 105 9× 105

Figures 4(a) & 4(b) 4(c) & 4(d) 4(e) & 4(f) 5(a) & 5(b) 5(c) & 5(d) 5(e) & 5(f)

EMLE
est (Pa) 184.6× 109 182.3× 109 185.8× 109 232.4× 109 237.5× 109 235.4× 109

Error (%) 0.22 1.46 0.49 1.11 1.06 0.17

EBayes
est (Pa) 184.3× 109 185.02× 109 186.7× 109 233.9× 109 233.7× 109 235.5× 109

Error (%) 0.37 0.008 0.87 0.44 0.54 0.19
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(a) Likelihood, prior knowl-
edge, and actual parameter
value Eact.

1.5 2 2.5 3

x 10
11

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E (Pa)

M
C
M

C

(b) Posterior through
MCMC.

Figure 6: Bayesian update applied to the first case (Eact =
185 × 109 Pa and Kact = 3 × 105 N.m−1) of the plate
example.

185 × 109 Pa and Kact = 3 × 105 N.m−1). A
large value of 8.23 was obtained indicating that
the posterior distribution gives roughly 8 times
more chances to match the measurements.

In order to further gauge the benefits of the
Bayesian update, the posterior was propagated
to the first natural frequency (Figure 7(a)). For
comparison, the prior was also propagated (Fig-
ure 7(b)). In addition the ideal, unknown, re-
sponse distribution was computed (Figure 7(c))
using the actual value of the Young’s modulus
(Eact) along with the propagation of the aleatory
variables (i.e., K). The figure clearly shows that
the Bayesian update is closer to the actual re-
sponse distribution.
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(a) Using prior.
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(b) Ideal distribu-
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(c) Using poste-
rior.

Figure 7: First natural frequency distributions for first
case (Eact = 185 × 109 Pa and Kact = 3 × 105 N.m−1)
of the plate example. Uncertainty propagated using the
prior, the posterior, and the ideal (unknown) distributions.

6. Conclusion

An approach to perform model update using
fidelity maps has been introduced. The construc-
tion of explicit fidelity maps using SVM in a space
with parameter to estimate and aleatory uncer-
tainties enables an efficient computation of the
likelihood with Monte-Carlo simulations. In or-
der to obtain an accurate boundary and reduce
the number of model calls, an adaptive sampling
scheme is used. Because SVM is a classification
method, a large number of correlated model out-
puts can be used. This is done, and this is one
of the strongest aspects of the fidelity maps ap-
proach, without the need for any assumptions on
the correlation structure between the responses.

The next steps of this research will study the
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scalability of the approach in higher dimensions.
In addition, the approach will be tested on real
world problems with actual experiments.
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Appendix A. Sequential uncertainty prop-
agation

If one does not use the fidelity map approach,
the approximation of a likelihood can be done as
follows. For each given x(k), the uncertainties due
to A are propagated in order to fit fY(x,A)(y|x(k)).
The probability density corresponding to the mea-
surement yexp is then read (Figure A.8 for x and
yexp scalar). For expensive black box models, this
process requires two layers of surrogates (e.g., Krig-
ing [26, 27, 28, 29]), one on the responses y to
propagate the uncertainties, the other on the con-
ditional joint PDFs fY(x,A)(y|x(k)) for any given
x(k). This approach is impractical in the case
where the number of responses y is large.

For the sake of comparison to the proposed fi-
delity map approach, this process was applied to
the plate problem (Section 5). The purpose was
to estimate the parameters using the traditional
residual-based approach or the product of likeli-
hoods as described in the next section. Due to
the fact that the conditional PDFs fY(x,A)(y|x(k))
are 1-dimensional in the plate problem, kernel
smoothing is used [25].

Appendix B. Product of the likelihoods and
Residual

For comparison with the proposed approach,
this appendix introduces two other methods to
compute a scalable likelihood approximation. These
two approaches are used in the results Section 5.

Appendix B.1. A residual-based method

A seemingly intuitive approach is to use a resid-
ual that combines n responses into one quantity:

R(x, a) =
n∑

i=1

(
yexpi − yi(x, a)

yexpi

)2

(B.1)

This approach is implemented to provide a
comparison with the method introduced in 4.3.
A possible MLE then reads:

xMLE = argmax
x

fR(x,A)(0|x) (B.2)

It is worth mentioning that this method does
not compute exactly the likelihood as described
in the results section.

Appendix B.2. Product of the likelihood formula-
tion

A widely used approach is to consider the like-
lihood as a product of “marginal” likelihoods. How-
ever this approach relies on a strong assumption
(usually wrong) that the measurements are inde-
pendent. The formulation of the product of the
likelihood is straightforward:

xMLE = argmax
x

nm∏
i=1

fYi(x,A)(y
exp
i |x) (B.3)

The only appeal of this approach is that the
“marginal” likelihoods are 1-dimensional and can
be computed as explained in Appendix A.
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fY (x,A)(y|x(k))

y
yexp − ε

(a) For x(k), propagate the uncer-
tainty to y, due to A and fit the PDF
on top of it.

fY (x,A)(y|x(k))

y
yexp

LH(k)

(b) Read the value of the conditional
PDF for y = yexp (LH(k)).

fY (x,A)(y
exp|x)

x
x(1) x(nk)

LH(1)

LH(nk)

(c) Repeat the process for k = 1..nk

in order to construct the likelihood
over the design space.

Figure A.8: Description of the likelihood construction using sequential uncertainty propagation.
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